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Proof theory

Mathematicians consider mathematical objects (groups, vector spaces, ...)
and prove things about them.

Proof:
1. a convincing argument, a token of evidence, ...

2. a list of inferences starting with known facts (axioms), combining them, and
ending on a new conclusion (theorem)

Proof theorists consider proofs as their objects and prove some properties about them.

Object proofs
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Outline

CARefully lllustrating NEsted sequents
Logic
Modal logic
Modal proof theory

A Unique REarrangement of Llsted ENtities
Proof search
Focusing
Synthetic rules

Actual New Utterances (with Passion And Method)
Folding
Unfolding
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Propositional logic:

p
S
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pPAS
pVvs
Modal logic:
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s

First-order logic:

I(x)
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it is raining 7 . . p
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she is sad ® prop 5

if it is raining then she is sad
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Syntax and basic semantics

Propositional logic:

p : itis raining% comi i p . it is not raining ]
s : sheissad ® atomic propositions 9 g she is not sad ©®
pDs : ifitis raining then she is sad
pAs : itisraining and she is sad
pVs : itisraining or she is sad

Modal logic:
Op 1 it is possible that it is raining
Os : it is necessary that she is sad
First-order logic:

I(x) : she loves x

h(X, y) - x hates y }atomic predicates

vx.l(x) : she loves all things
Jy.Wx.h(x,y) As : there exists something that everyone hates and she is sad
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Possible world semantics

Possible worlds

Observed world

w I OA iff for all v such that w --—» v, vIF A

w |F OGA iff there exists v such that w --» v and v IF A

Vip)=1 V(s)=0 Vip)=1 V(s)=1

p : it is raining %
she is sad @

p : it is raining %

5 : she is not sad ©

s

p : it is not raining 3
s : she is sad ®

V() =0 V(s)=1
V(pAas)=0 V(pvs)=1
V(op) =1 V(Os) =1
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Deduction

How do we reason about such structure?

Inference rules:

ax" — %
a,a Av B

n

oA

AN

AAB

» Many different approaches

» One successful idea!
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From semantics to syntax

Syntactical term encoding of the semantical structure
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[Briinnler, 2009] [Poggiolesi, 2009]
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From semantics to syntax

Syntactical term encoding of the semantical structure
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Nested sequents:
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[Briinnler, 2009] [Poggiolesi, 2009]
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From semantics to syntax

Syntactical term encoding of the semantical structure
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From semantics to syntax

Syntactical term encoding of the semantical structure

®
e % e
OO

R S Y AP (R ) O

[Briinnler, 2009] [Poggiolesi, 2009]
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Hocus Focus

Focusing provides a way to restrict the proof search space.

» Maximal chaining of the decomposition.

n

* Ta,b,3] . [a,b,b]
N

[ab,a 0] ) > 5a, [b,B]
:1 [a,bVc,anb) :; O(bvc),[a, 3] n\/ ©a, [bvc,b]
. ©a,[bvc,anb 0 Ga, o(bvc),[a] ©a, o(bvc), [b]
. ©a,0(bve), [3 A b] . ©a,o(bv ), [ ]

Oa, O(bvc), ©a, O(bvc),

14 /23



Polarity and focusing

positive formulas @ P al|PvP|OP|IN
negative formulas @ Nu= 3| NAN|ON|TP

Polarities:

[Andreoli, 1990] [Laurent, 2004]
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Polarity and focusing

Polarities:

Focusing:

Inversion:

positive formulas @ Pu= a|PVvP|OP|IN
negative formulas @ Nu= 3| NAN|ON|TP
In ”" the last rule is negative
r{n}

[Andreoli, 1990] [Laurent, 2004]
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Polarity and focusing

Polarities: positive formulas @ Pu= a|PVvP|OP|IN
’ negative formulas @ Nu= 3| NAN|ON|TP
Focusing:
Inversion:  In ”" the last rule is negative
r{nv}
Focus: In "" only rules decomposing P between two rules decomposing P
r{r}
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Polarity and focusing

Polarities: positive formulas @ Pu= a|PVvP|OP|IN

’ formulas = a|NAN|OoON|TP
Focusing:

In ”" the last rule is negative
r{nv}
Focus: In "" only rules decomposing P between two rules decomposing P
r{r}

Completeness of focusing:  If a formula is provable then it has a focused proof.

[Andreoli, 1990] [Laurent, 2004]
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Synthetic focused proof

Control over choices in focused proof is known to improve proof search,

. R ’ ®a, [b, b]
. O(bve),la,al n\/ ©a, [bV ¢, b]

, ©a,0(bvc), (3] ©a, o(bvc), [b]
" “oa,0(bve),[5 1]

Oa, O(bvc),

ax

ax
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Synthetic focused proof

Control over choices in focused proof is known to improve proof search,
but also allows for a compact synthetic representation.

n

ax" —————
®a, [b, b]
ax" vt =
O(bvc),[a, 3] o Oa, [bvc,b] . -
n n _ Xn - JE—
©a, O(bv c),|a] ©a,O(bvc), [b] o O(bve),[a, 3] bos ®a, [b, b]
A" — —
, ©a,o(bve),| ] P ©a,O(bVc),[a] ®a,o(bvc), [b]
Oa, O(bv c), - ©a, o(bvc),
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Synthetic connectives

[o,. ]
n<><>a,[...]

N RVE SN

VI v o) v o o
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Synthetic connectives
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Synthetic connectives
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Actual New Utterances (with Passion And Method)
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Folding

Contributions:

1. Design a system that generates only focused proofs
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Folding

Contributions:

1. Design a system that generates only focused proofs
P Reduction of the proof search space

2. Design a system that generates only synthetic proofs
P Simple and elegant proof of completeness
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Completeness

wnK + OY" + cut™"

—— fnK + off

\

nK + O%

: simulation :

Y
snK + <I>§(" + cuts"
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Unfolding

Contributions:

1. Design a focused labelled framework that can emulate many standard proof
systems for modal logic
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Unfolding

Contributions:

1. Design a focused labelled framework that can emulate many standard proof
systems for modal logic

2. Emulate labelled systems in focused first-order logic (ProofCert)

P comparing formalisms

P checking, (sharing, and reconstructing) proofs
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Emulating a nested rule

proof in S ¢————————— proof in LMF.

o M{"["A], A}
{2, oAl
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Emulating a nested rule

proof in S ¢«——— proof in LMF, ¢———————— proof in LKF?

o M{["A], A}
{2, oAl

22/23



Emulating a nested rule

proof in S ¢«——— proof in LMF, ¢———————— proof in LKF?

o M{["A], A}
{2, oAl

e " 0,66, £ )
- 6, r(%,¥), £, 9, (r(x,y)) (tr(yx)), ¢, r(x¥), £, (r(y; x)) I r(x,y), £, [Alx
ta (r(6y) 21y, X)) ¢, r(x, ), £, (r(y, X)) r(x,¥), £,9, ({[Alx)
(r(a,y) 21y, x)), 6, r(x,¥), £,4, (r(y,x) K 1[Alx)
(vuv.(r(u,v)) 2 Tr(v, 1)), &, r(x,¥), £, %, (32.(r(y, 2) A1[A]2))
¢ = Wuv.(r(u,v) D 1r(v,u)), r(x, ), £,% = 13z.(r(y, z) A L[A]2)

MRE
TR
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Conclusion

Applications of the focusing toolset to modal proof theory:
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Conclusion

Applications of the focusing toolset to modal proof theory:
1. Folding: elegant presentation of a proof system and its meta-theory

2. Unfolding: emulation of modal proof systems in a common framework

Other contributions:
» New proof of completeness for Fitting's indexed nested sequents

» Folding and unfolding for intuitionistic modal logic and extensions

Perspectives:
> Applicability and limit of extensions to other modal logics
> Folding: multifocusing and identity of proofs

» Unfolding : Emulation of proof systems for other logics / in different formalisms
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